ZASSENHAUS CONJECTURE FOR 
CENTRAL EXTENSIONS OF S 5 



VICTOR BOVDI AND MARTIN HERTWECK 

Abstract. We confirm a conjecture of Zassenhaus about rational conjugacy 
of torsion units in integral group rings for a covering group of the symmetric 
group 55 and for the general linear group GL(2, 5). 



1. Introduction 

The conjecture of the title states: 

(ZC1) For a finite group G, every torsion unit in ZG is conjugate to an element of 
±G in the units of QG. 

It remains not only unsolved but also lacking in plausible means of either proof 
or counter-example, at least for non-solvable groups G. The purpose of this note 
is to add two further groups to the small list of non-solvable groups G for which 
conjecture (ZC1) has been verified (see [9, 11, 16, 17]). 

Example 1. The conjecture (ZC1) holds true for the covering group S5 of the 
symmetric group £5 which contains a unique conjugacy class of involutions. 

Example 2. The conjecture (ZC1) holds true for the general linear group GL(2, 5). 

We remark that PGL(2, 5) = S 5 (see [14, Kapitel II, 6.14 Satz]). 

The covering group S5 occurs as Frobenius complement in Frobenius groups 
(for the classification of Frobenius complements see [20]). From already existing 
work [8,9,15] it follows that Example Q] supplies the missing bit for the proof of: 

Theorem 3. Let G be a finite Frobenius group. Then each torsion unit in ZG 
which is of prime power order is conjugate to an element o/±G in the units o/QG. 

The proofs are obtained by applying the Luthar-Passi method [11, 16]. We 
dispose of the validity of (ZC1) for S5, established in [17] (see also [11, Section 4] for 
a proof using the Luthar-Passi method). Below, we briefly recall this method, which 
uses the character table and/or modular character tables in an automated process 
suited for being done on a computer, the result being that rational conjugacy of 
torsion units of a given order to group elements is cither proven or not, and if not, 
one gets at least some information about partial augmentations (cf. [3-5]). We tried 
to prevent the proofs from useless ballast and to present them in human-readable 
format, rather than producing systems of inequalities and their solutions which 
should be reasonably done on a computer (cf. [6]). 
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Let G be a finite group. Recall that for a group ring element u = X) 9 eG a ff 
(all o 9 £ Z), its partial augmentation with respect to the conjugacy class x G of an 
element x of G, in the following denoted by e x (u) or s x g(u), is ^2 gex G a g . When 
dealing with conjecture (ZC1), it suffices to consider units of augmentation one 
which form a group denoted by V(ZG). 

A few preliminary remarks on a torsion unit u in V(ZG) seem to be appropriate. 

The familiar result of Berman-Higman (from [1] and [13, p. 27]) asserts that if 
e z (g) 7^ for some z in the center of G, then u = z. 

A practical criterion for u being conjugate to an element of G in the units of QG 
is that all but one of the partial augmentations of every power of u must vanish 
(see [18, Theorem 2.5]). The converse is obvious. 

The next remarks will be used repeatedly. 

Remark 4. Let u be a torsion unit in V(ZG), let N < G and set G = G/N. We 
write u for the image of u under the natural map ZG — > ZG. Since any conjugacy 
class of G maps onto a conjugacy class of G, we have that for any x € G, the partial 
augmentation e 2 (u) is the sum of the partial augmentations e g c (u) with g <E G such 
that g is conjugate to x in G. 

Now suppose that N is a central subgroup of G, and that u = 1. Then w e A r . 
Indeed, 1 = £i(u) = X)nev e "( M )' so M nas a central group element in its support 
and the Berman Higman result applies. 

Remark 5. Let u be a torsion unit in V(ZG). Then g e G and e s (u) 7^ implies 
that the order of g divides the order of u. Indeed, it is well known that then prime 
divisors of the order of g divide the order of u (see [18, Theorem 2.7], as well as [12, 
Lemma 2.8] for an alternative proof). Further, it was observed in [11, Lemma 5.6] 
that the orders of the p-parts of g cannot exceed those of u. 

We briefly recall the Luthar-Passi method. Let u G V(ZG). Suppose that 
u n = 1 for some natural number n and let £ be a primitive complex n-th root of 
unity. Let \ be the character afforded by a complex representation D of G, and 
write n(£,u, %) for the multiplicity of an n-th root of unity £ as an eigenvalue of 
the matrix D(u). Then (cf. [16], [11, Section 3]): 

M£,«,x) = ^E Tr Q(c d )/Q(x(« d )r d ). 

d\n 

When trying to show that u is rationally conjugate to an element of G, one may 
assume — by induction on the order of u — that the values of the summands for d 7^ 1 
are "known." The summand for d = 1 can be written as 

i £ s( u ) Tr Q(C)/Q(x(fl')^" 1 ) ; 
g° 

a linear combination of the s g {u) with "known" coefficients. Note that the /i(£, u, x) 
are non-negative integers, bounded above by x(l)- Thus in some sense, there are 
linear inequalities in the partial augmentations of u which impose constraints on 
them. Trying to make use of these inequalities is now understood as being the 
Luthar-Passi method. 

A modular version of this method (see [11, Section 3] for details) can be derived 
from the following observation in the very same way as the original (complex) 
version is derived from the (obvious) fact that x{ u ) — S 9 g e g (u)x{g)- Suppose 
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that p is a rational prime which does not divide the order of u (i.e., u is a p-regular 
torsion unit). Then for every Brauer character tp of G (relative to p) we have 
(see [11, Theorem 2.2]): 

<P(u) = £ g( u ) ( P(9)- 
g G - a is 

p- regular 

Thereby, the domain of tp is naturally extended to the set of p-regular torsion units 
in ZG. 

2. A COVERING GROUP OF S 5 

A presentation of a covering group of S n is given by 

S n = (gx, ■ ■ -,g n -x,z I gf = {gj9j+if = {gkgif = z, z 1 = [z,gi] = 1 

for 1 < i < ra - 1, l<j<n-2, k<l-2<n-3). 

Recent results in the representation theory of the covering groups of symmetric 
groups can be found in Bessenrodt's survey article [2]. We merely remark that the 
complex spin characters of S n , i.e., those characters which are not characters of S n , 
were determined by Schur [21]. 

The group S5 has catalogue number 89 in the Small Group Library in GAP [10] 
(the other covering group of S5 has number 90). The spin characters of S5 as 
produced by GAP are shown in Tabled (dots indicate zeros). 





la 5a 4a 


2a 


10a 


6a 


3a 8a 8b 


4b 12a 12b 


X5 


4 -1 


-4 


1 


2 


-2 




X6 


4 -1 


-4 


1 


-1 


1 


• -0 


X7 


4 -1 


-4 


1 


-1 


1 


• -0 


X11 


6 1 


-6 


-1 




a —a 




X12 


6 1 


-6 


-1 




—a a 




Irrational entries: 


a = 
= 


-C 8 H 
C12 ~ 


-cl = 

All _ 

S>12 ~ 


— \/2 where Cs - 

— V3 where £12 


= exp(27ri/8), 
= exp(27ri/12). 



Table 1 . Spin characters of S$ 



We turn to the proof that conjecture (ZC1) holds true for S$. Let z be the central 
involution in ^5 . Then we have a natural homomorphism it : 7LS<^ — > Z,Sr / (z) = 
ZS5. Let u be a nontrivial torsion unit in V(ZS*5). We shall show that all but 
one of its partial augmentations vanish. Since (ZC1) is true for S5, the order of 
it(u) agrees with the order of an element of S5, and it follows that the order of u 
agrees with the order of an element of S5 (see Remark0J. By the Berman-Higman 
result we can assume that E\{u) = and s z (u) = 0. Further, we can assume that 
the order of u is even since otherwise rational conjugacy of u to an element of G 
follows from the validity of (ZC1) for S5 and [8, Theorem 2.2]. Denote the partial 
augmentations of u by £i a , e 5a , . . . , e i2 b (so that £5 a , for example, denotes the partial 
augmentations of u with respect to the conjugacy class of elements of order 5). So 
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£ia = £2a = 0. Since all but one of the partial augmentations of tt(u), the image 
of u in Z1S5, vanish, and a partial augmentation of ir(u) is the sum of the partial 
augmentations of u taken for classes which fuse in S§, we have 

£4a, £4b, £8a + £8b, £3a + £6a, £5a + £lOa, £l2a + £l2b G {0,1}, 

|£4a| + |£4b| + |£8a + £8b| + I^Sa + £6a| + I^Sa + £lOa| + kl2a + £l2b| = 1. 

When u has order 2 or 4. Then the partial augmentations of u which are 
possibly nonzero are £4 a , £4b, £sa and £ 8b (RemarkEJl. Thus xn( w ) — a (£sa — £sb) = 
— v^(£sa — £8b)- Also, xn( u ) i s the sum of fourth roots of unity. Since V2 g Q(i) it 
follows that £8a — £8b = 0. Using £s a + £sb € {0, 1} from 0} we obtain £ 8a = £sb = 0. 
Now |e 4a | + |e 4b | = 1 by JIJ, so all but one of the partial augmentations of u vanish, 
with either £ 4a = 1 or £ 4b = 1. It follows that u is rationally conjugate to an element 
of G (necessarily of order 4). 

When u has order 6 or 10. Then u 3 = z or u 5 = z, respectively (Remark @J, 
i.e., zu is of order 3 or 5. Thus zu is, as already noted, rationally conjugate to an 
element of G, and hence the same holds for u itself. 

When u has order 12. Then the partial augmentations of u which are possibly 
nonzero are £ 4a , £ 4b , £ 8a , £ 8b , £ 3a , £ 6a , £ 12a and £ 12b . The unit ir(u) has order 6 
(Remark |5J), so £ 12a + £i 2b = 1 and £ 4a = £ 4b = £ 8a + £ 8b = £ 3a + £ 6a = by 
©. Now Xn(w) = -\/2(£ 8a - £ 8b ) but V2 <£ Q(Ci2) = QihCz), so £ 8a = £ 8b and 
consequently £ 8a = £ 8b = 0. Further xs(u) = 2(£ 6a - £ 3a ) = 4£ 6a = e 6a x 5 (l), 
so if £ 6a =/= then u is mapped under a representation of G affording X5 to the 
identity matrix or the negative of the identity matrix, leading to the contradiction 
X5(l) = Xb{u Q ) = Xb( z ) = — 4. Thus £ 3a = £ 6a = 0. So far, we have shown that 
£i2a and £i2 b are the only possibly non-vanishing partial augmentations of u. We 
continue with a formal application of the Luthar-Passi method. Let £ be a 12-th 
root of unity. Then 

V(€,U,X6) = iM Tr Q(Ci2)/Q(X6(")<T 1 ) + 6^(£ 2 ,u 2 ,X6) +TrQ (C 3 2)/Q (x 6 (u 3 )^ 3 )). 

Since u 3 is rationally conjugate to an element of order 4 in G, we have xe(u 3 ) = 0. 
Since x&W) = (3(e 12a - £i2b) = (C12 _ Ci2)( £ i2a - £i2b), we have 



Next, X6(w 4 ) = 1 since m 4 is rationally conjugate to an element of order 3 in G, 
and X6(u 6 ) = Xq{ z ) = — 4, from which it is easy to see that n(t; 2 ,u 2 ,X6) = 1 f° r a 
primitive 12-th root of unity £. Thus 



from which we obtain |£i2a — £i2b| < 1. Together with £i2a + £i2b = 1 it follows that 
£i2a = or £i2b = 0. We have shown that all but one of the partial augmentations 
of u vanish. 



Tr Q(Ci2)/Q(X6(w)Ci2 7 ) = 6(e 

Tr Q(ci2)/Q(x6(w)cr 2 11 ) = - f 



H2a — £l2b), 
6(£i2a — £l2b)- 



M(Cl 7 2, u ,X6) = |((£l2a - £l2b) + 1) > 0, 
M(Cl2>^)X6) = |(-(£l2a- £l2b) + 1) > 0, 
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When u has order 8. Then the partial augmentations of u which are possibly 
nonzero are £4 a , £4b, £8a and £sb- Since tt(u) has order 4, its partial augmentations 
with respect to classes of elements of order 2 vanish and consequently e 4a = e 4b = 0. 
We have Xn( u ) — a ( £ 8a — £sb) = (— Cs + C|)( e 8a — £sb), and this time the Luthar- 
Passi method gives 

/"(Ci> u >Xxi) = 5((esa - £sb) + 3) > 0, 

M(Cs) u »Xii) = 5(-( £ sa - esb) + 3) > 0, 

from which we obtain |esa — £sb| < 3. Together with esa + £sb = 1 it follows that 
(esa, £8b) S {(1, 0), (0, 1), (—1, 2), (2,-1)}. At this point we are stuck when limiting- 
attention to complex characters only. 

However, we may resort to p-modular characters. It is natural to choose p = 5 
since S$ is a subgroup of SL(2,25). This can be seen as follows. The group 
PSL(2,25) contains PGL(2,5) as a subgroup (see [14, Kapitel II, 8.27 Haupt- 
satz]) which is isomorphic to S$ and its pre-image in SL(2,25) is isomorphic to 
S$ (for example, since the Sylow 2-subgroups of SL(2, 25) are generalized quater- 
nion groups). Let <p be the Brauer character afforded by a faithful representation 
D : S5 — * SL(2, 25). The Brauer lift can be chosen such that <p{x) = a = — Cs + Cs f° r 
an element x in the conjugacy class 8a of G (since D(x) has determinant 1). Then x 5 
lies in the class 8b, and we obtain ip(u) = esa. l p(x)+e8b l p(x 5 ) = (— Cs + ClH^sa — £sb)- 
Since f(u) is the sum of two 8-th roots of unity, it follows that |esa — £sb| < 1 and 
consequently £sa = or e 8b = 0. The proof is complete. 

We remark that the choice of p — 5 is also strongly suggested by the general 
theory of cyclic blocks. The spin characters of S5 form a single 5-block of defect 1, 
with Brauer graph (cf. [19, Theorem 4]) 

<^4a <^2a ^2b ^ib 

O O O O O 

X6 Xll X5 Xl2 X7 

Here, tp = ip2a and ip2b is conjugate to ip under the Frobenius homomorphism. 

3. The general linear group GL(2, 5) 

We set G = GL(2, 5). Let z be a generator of Z(G), which is a cyclic group of 
order 4. The quotient G/(x) is isomorphic to 5s for which (ZC1) is known to hold. 
Let 7r denote the natural map ZG — > ZG/(z). 

Let u be a nontrivial torsion unit in V(ZG). We will show that all but one of 
its partial augmentations vanish. For that, we use part of the character table of G, 
shown in Table [21 in the form obtained by requiring CharacterTable("GL25") in 
GAP [10], together with the natural 2-dimensional representation of G in charac- 
teristic 5. In Table the row inscribed "in 55" indicates to which classes in the 
quotient S5 the listed classes of G are mapped. The classes omitted are the classes 
2a, 4a, 4b of central 2-elements, and the classes 5a, 20a, 10a, 20b of elements of 
order divisible by 5. 

The characters \6 and \16 have kernel (z 2 ). The faithful characters xg, X14, Xi5i 
X21 and X22 of G form a 5-block of G, with Brauer graph (cf. the theory of blocks 
of cyclic defect) 

fia <Pla f2b <f4b 

O O O O O 

Xl5 X9 X21 XU X22 
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class 


la 


4c 


2b 


4d 


4e 4f 


4e 


24a 12a 


8a 


6a 24b 


3a 8b 24c 


12b 24d 


in S 5 


la 


4a 


2a 


4a 


4a 2a 


4a 


6a 


3a 


2b 


3a 


6a 


3a 2b 


6a 


3a 6a 


X2 


1 




-1 


—i 


-i 1 


i 


?' 


-1 




1 




1 i 




-1 -i 


Xe 


5 


i 


-1 


—i 


-i 1 


i 


— i 


1 




-1 




-1 — i 




1 i 


Xie 


4 












—i 


-1 


-2i 


1 




1 2i 




-1 i 


X9 


6 


a 




a 


—a 


—a 


















Xl4 


6 


—a 




—a 


a 


a 


















X15 


4 



















-1 


-0 


1 . 


-0 


I 


X21 


4 














% 




2 




-2 . 




-2i 


X22 


4 












-0 


—i 




-1 


9 


1 . 





i -0 



Irrational entries: a = 1 + i, 

/? = -£ + C 17 where C = exp(2?ri/24). 



Table 2. Part of the character table of GL(2, 5) 



Set ip — ip^a — (xi5 ~ X9)|g 5 / (restriction to 5-regular elements). Then ip is an 
irreducible 5-modular Brauer character of G of degree 2 afforded by a natural 
representation G — ► GL(2, 5). 

We remark that the remaining irreducible faithful characters of G form a 5-block 
of G which is algebraically conjugate to the one we consider. 

We write e^ Cl S2\» ■ ■ ■ , £24d for the partial augmentations of u at the classes listed 
in TableHJ We assume that u is not a central unit, so that its partial augmentations 
at central group elements are zero. It follows from Remark 0] that the order of u 
agrees with the order of some group element of G. 

When the order of u is divisible by 5. Then n(u) has order 5, by Remark 
and u is the product of a unit of order 5 and a central group element of G. Since 
there is only one class of elements of order 5 in G, the 5-part of u is rationally 
conjugate to an element of G (Remark 0, and thus the same is valid for u. 

When u has order 2. The group G has only one class of non-central elements of 
order 2, so Remark applies. 

When u has order 4. Then e g (u) = for a group element g which is not a 
non-central element of order 2 or 4 (Remark [5J . Evaluating the Brauer character 
ip at u gives 

(2) (p(u) = (e 4c - £4g)(l +t) + (£4d - £4e)(l - «)• 

First, suppose that ir(u) has order 2. Then u 2 = z 2 (Remark 0J, so <p(u 2 ) = — 2 
and p(u) is the sum of two primitive fourth roots of unity. These roots of unity 
are distinct since u is non-central in ZG. Thus <p(u) = i + (— i) = and J5J) gives 
Sue = £4 g and e 4d = e 4e . Since (ZC1) holds for S5 we have 

£4c + &4g + &4d + ^4e — 0, S2b + ^4f = 1- 

From that we further obtain e 4d = — e 4c and X2{ u ) — 1 — 2e 2 b + 4e 4c i. Since 
|X2(w)| = 1 it follows that e 4c = and £2b € {0, 1}. Thus all but one of the partial 
augmentations of u vanish. 
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Secondly, suppose that tt(u) has order 4. Then ip(u 2 ) ^ —2. Since <p(u) is 
the sum of two distinct fourth roots of unity we have < 2. Thus <p(u) £ 

{±(1 + i), ±(1 - i)} by @. Since (ZC1) holds for S 5 we have 

£ 4c + £4g + £4d + £ie = 1) £2b + £4f = 0. 

From that and (J2J we further obtain that for some a € Z and 5i € {0, 1}, with 
exactly one Si nonzero, £ 4c = a + 5\, e 4g = a + 82, £ 4c = a — S3 and e 4g = a — S4,. 
Thus Xz( u ) = {Si + 62 — S3 — S/^)i — 2e 2b + 4ai from which e 2 b = and a = follows. 
Thus all but one of the partial augmentations of u vanish. 

When u has order 8. Then e 8a 7^ or e 8b 7^ by [7, Corollary 4.1] (an observation 
sometimes attributed to Zassenhaus). Since S5 has no elements of order 8 we have 
u A = z 2 (by Remark EJ. 

Suppose that e 8b = — e 8 a- Then Xieiu) — — 4e 8b i (remember Remark|SJ). Since 
Xw has degree 4 it follows that under a representation of G affording xw the unit 
u is mapped to a scalar multiple of the identity matrix. Thus the image of u in 
ZG/(z 2 } is a central unit of order 4, the kernel of Xi6 being (z 2 ). But the center of 
G/(z 2 } has order 2, so we have reached a contradiction. 

Hence e 8a + e 8b 7^ 0, and since e 8a and e 8b are the classes of G which map onto 
class e 2 b in S 5 , in fact e 8a + e 8b = 1. Now xw{u) = 2(1 - 2e 8a )i, and |xi6(^)| < 4 
implies that e 8a € {0, 1}, so one of e 8a and £ 8b vanish. 

Next, we note that X9{ u ) — 0: From X9( u4 ) — Xs)( z2 ) = ~ X9(l) we conclude 
that X9( u ) ^ Cs^fi] for a primitive 8-th root of unity and a look at the character 
table shows that X9( u ) £ ^[i], but definitely ($ $ 

Since 

(3) X9(u) = (£4c - £4g)(l + (£4d - £4e)(l - l) 

and £4 C + £4 g + + e 4e = it follows that e 4c = e 4g = — e 4d = — e 4e . Also 
£ 2 b + £4f = 0. So X2(u) = (il + 4e 4c )i — 2e 2 b which implies e 2 b = and e 4c = 0, 
and we are done. 

When u has order 3. The group G has only one class of elements of order 2, so 
Remark applies. 

When u has order 6. The only partial augmentations of u which are possibly 
nonzero are e 2b , e 8a and e 6a . Since the class £6a maps in S5 to the class of elements 
of order 3 it follows that tt(u) is rationally conjugate to a group element of order 
3 in 65. Hence u is the product of z 2 and a unit of order 3 (Remark and u is 
rationally conjugate to a group element. 

When u has order 12. Only partial augmentations of u taken at classes of ele- 
ments of order 2, 4, 3, 6 and 12 are possibly nonzero. The classes of elements of 
order 3, 6 and 12 map in S5 to the class of elements of order 3. Thus ir(u) is of 
order 3 and u is the product of z and a unit of order 3, so u is rationally conjugate 
to a group element. 
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When u has order 24. Then tt(u) is rationally conjugate to an element of order 
6 in S5, and so 

£24a + ^24b + ^24c + ^24d = F 
£l2a + ^6a + ^3a + £l2b = 0, 
(4) £8a + £8b = 0, 

£4c + £4d + £4e + £4g = 0, 
£2b + £4f = 0. 

From %g(u 12 ) = — X9(l) we conclude that xg(u) € Cs^fi,^] for a primitive 8-th 
root of unity (s and a primitive third root of unity (3 . A look at the character table 
shows X9( u ) so X9( u ) = as ^8 ^ £3]. In the same way we argue that 

X2i(u) = 0. 

Thus evaluation of Xq( u ) is zero, and with @ it follows that £ 4c = £ 4g = 
-£ 4 d = — £4e- Now (x2 + X6){u) = -4£2a + 8£ 4c i. Since X2 + X6 has degree 6 we 
conclude that £ 4c = 0. 

We have = X2i(«) = 2(£ 6a - £3a) + 2«(£i 2a - £i2b), so £ 6a = £ 3a and £ 12a = £i2b- 
Further £ 6a = -e 12a from |QJ. Thus Xie{ u ) S -4£ 12a + iZ. From Xi6(" 6 ) = -Xi6(l) 
we obtain xie( u ) € ^[£3]. It follows that — 4£ 12a i <5 Z[£ 3 ] and £i 2a = 0. Now 
X2(w) G — 2£ 2 b + «Z and so £ 2 b = 0. Also (x2 + Xi6)( u ) = — 2£ 2 b — 6£ 8a i and since 
X2 + Xi6 has degree 5 we have £s a = 0. 

Set a = £24 a + £24c and b = £ 2 4b + £24d- Then X2( u ) = (a — b)i and thus 
a - b = ±1. Together with a + b = 1 it follows that (a, b) = (1, 0) or (a, &) = (0, 1). 
In the first case, Xis( u ) — (2£24a — l)/3 — 2£ 2 4b/?, and in the second Xi5( u ) — 
2£ 2 4a/3 + (1 — 2£ 2 4b)/3- Using the sum formula for sin with = § — § h is easiest 

to calculate /? = — ^/| (1 + i). In particular, |/3| = \/3- Since xis( u ) is the sum 
of four roots of unity, it is readily seen that if Xi5( M ) assumes the first value, then 
£24b = and £ 2 4 a € {0, 1}, and if Xis( u ) assumes the second value, then £ 2 4 a = 
and £24b € {0, 1}. It follows that exactly one of £24a, £24c, £24b and £24d is nonzero, 
and we are done. We remark that the last argument can be replaced by a simpler 
"modular" argument: we already know that Xi5( u ) agrees with the value of X15 
at a class of elements of order 24 since X9( u ) = and tp = X9 — X15 on 5-regular 
elements. 
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